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Abstract. Almost contact structures can be identified with sections of a 
twistor bundle and this allows to define their harmonicity, as sections or maps. 
We consider the class of nearly cosymplectic almost contact structures on a Rie- 
mannian manifold and prove curvature identities which imply the harmonicity 
of their parametrizing section, thus complementing earlier results on nearly- 
Kahler almost complex structures. 



1. Introduction 

The concept of harmonic maps is probably best seen as a variational problem on 
the infinite dimensional manifold of maps between two Riemannian manifolds and, 
as such, provides a (natural) criterion, or sieve, to select remarkable mappings and 
the recurring interactions between geometry, or even topology, and analysis of the 
early results reinforce this impression. 

Paradoxically, vector fields are omnipresent in Differential Geometry but seldom 
considered as maps, most likely because there is no canonical metric on the tangent 
bundle and constructing one opens up a wide debate on its traits. If one opts 
for the Sasaki metric, clearly the first at hand, the harmonic map problem and 
the weaker harmonic vector fields, obtained by only admitting variations through 
sections, prove to be disappointing as a compact domain will force harmonicity to 
be exactly parallelism. When possible, one can further ease up these restrictions 
working with the unit tangent bundle and this turns out to be more successful as, 
for example, the Hopf vector field on S'^ is a unit harmonic vector field (and map 
to boot), cf. the survey [4|. 

By the same token, this theoretical framework can be put into practice for any 
fibre bundle yielding the notions of harmonic sections and harmonic maps. This was 
developed for the twistor space (and its Sasaki-type metric) of an almost Hcrmitian 
manifold in [8l[9], and via a relatively sophisticated construction of projections, the 
equation characterizing harmonic sections was given in the more palatable language 
of tensor fields as 

[V*VJ, J] = 0, 

with V*V = — trace V^, while the more restrictive harmonic map equation requires 
the extra condition 

(V£;.J,[i?(^„X), J]) = 0, 

for any tangent vector X and an orthonormal frame {i?i}i=i....,2n+i- 
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The analogous notion on odd-dimensional manifolds is the almost contact struc- 
tures, a slightly more demanding geometric object since essentially constituted of 
a tensor and a vector field but often defined on a Riemannian manifold (A/, g) as a 
(1, 1) -tensor 6, a 1-form rj and a unit vector field ^ such that 

The choice of the metric g being paramount to all our considerations, we take the 
blanket assumption on the metric compatibility of almost contact structures. The 
existence of such a triple is in fact a reduction to U{n) xU{l) of the structure group 
and, from this viewpoint, an analysis similar to the case of almost complex struc- 
tures is carried out in j6|, where the first and second harmonic section equations 
are computed to be 

(1) [V*VJ,J]=0, 
and 

(2) V*VC = |V^p - (l/2)Jotrace(VJ® V^), 
and the addition of 

(3) {VE,J,[RiE^,X),J])+8{VE,C,RiE^,X)0, yXeTM, 

makes up the whole tension field (cf. the end of the section for notations). 

The various classes of almost contact structures can then be studied under the 
light of harmonicity and, for instance, a nearly cosymplectic manifold with parallel 
characteristic vector field or the standard cosymplectic structure on the 5-sphere 
defines a harmonic map O [7]. A comparison should be drawn with its even- 
dimensional counterpart since nearly-Kahler almost complex structures are always 
harmonic [8] , due to a curvature property of Gray [3] . 

The aim of this article is to prove that a nearly cosymplectic almost contact 
structure always defines a harmonic map, hence a harmonic section. This relies on 
a series of curvature identities obtained from the second covariant derivative of the 
tensor field 9 and the symmetries of V0 and the Riemannian curvature tensor, but 
not before a re- writing of the harmonic section equations in a more amenable form, 
the harmonic map equation being from the start curvature compatible. Once this 
is achieved the conclusion follows more or less straightforwardly. This approach 
owes a lot to [5] and [S]. 

For an almost contact structure {9,r],^) on the Riemannian manifold {M,g), 
we denote by the distinguished distribution, called horizontal, complementary 
to the ^-direction, by J the restriction of 6* to and V the projection onto J" 
of the Levi-Civita connection of {M,g). The set of vector fields {Fi}i=i,...,2n will 
be a local orthonormal frame of the distribution J-, sometimes replaced, for com- 
putational reasons, by {0-F'i}i=i,....2n, and completed by ^ into the orthonormal 
frame {£'i}i=i....,2n+i — {Fi}i=i,...,2n U {^} of TM. One tensor, in particular, 
spontaneously appears in our computations as a bridge between harmonicity and 
curvature in presence of an almost complex structure. 

Definition 1.1. [3] Let (M, g) be a Riemannian manifold with curvature tensor R. 
If {9,^,ri) is an almost contact structure, we define the Ricci-* curvature operator 

by 

2ri 

Ricci*{X,Y) =Y,9{R{X,F,)9F,,eY), 
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where {i^i}i=i,...,2n is an orthonormal basis of the J^-distribution. 

We wiU adopt the Einstein convention on the summation of repeated indices and 
the following sign for the Riemannian curvature tensor: 

R{X,Y)^[Vx,Vy]-V[x,y]Z. 

with 

R[X,Y,Z,W)^g{R{X,Y)Z,W). 

2. Harmonic section equations and Ricci-* 

This part lays the ground for the main computations of the article, by trans- 
forming the harmonic section equations into curvature conditions. The relevant 
operator for the first set of equations is a Ricci-type curvature introduced by Gray, 
since second-order covariant derivatives of J will involve the 7^-component of the 
Riemann curvature tensor and when we trace its Lie bracket with J, Ricci-* nat- 
urally appears. Meanwhile, exploiting the symmetries of 0, the second harmonic 
section equation is re-written as a curvature expression for the rough Laplacian of 
the Killing vector field ^. 

Definition 2.1. A nearly cosymplectic structure is an almost contact structure 
(M2"+i,6l,^,?7,g) such that 

{VxO){Y) + {VyO){X) = 0, 

and we then say that (M^""^^, 0, ^, ?], g) is a nearly cosymplectic manifold. 

This clearly implies that the unit vector field is Killing and has geodesic integral 
curves. 

We now make the blanket assumption that (M^"+^ , 6, f , rj, g) is a nearly cosym- 
plectic manifold and the next lemma collects some of their more immediate prop- 
erties. 

Lemma 2.1. [T] For any vectors X and Y in the J- -distribution, we have 

(VxJ)(r) + (VyJ)(X) = 0; 
(V^ J)(X) = JiVxO = 0(^x0 = {^iO){X); 
J(V5 J)(X) = -VxC = 0{V^9)iX); 
(yxJ){Y) = -{V,jxJ){JY). 

Combining this last equality and the fact that J preserves orthonormal bases 
of shows that J is divergence free, i.e. 5J — {V FiJ){Fi) vanishes, {-Fi},i=i^...^2n 
being an orthonormal basis of the horizontal distribution T . 

The covariant derivation of the defining equation of 9 leads to a generalization 
of the last equation of Lemma 12.11 

Lemma 2.2. Let X and Y he vectors tangent to M . Then 

{Vexe){eY) = -iVxO){Y) + g{Y, ^V^xC + 9{X, C)^(Vy^). 



4 



E. LOUBEAU AND E. VERGARA-DIAZ 



Proof. Let X and Y be tangent vectors, extended locally into vector fields, then 

{Vex0){OY) ^VexiO^Y) - 0{Vgx0){Y) - O^VexY) 
^g{Y, Vexm + viY)Vexi - OiVexO)iY) 
^g{Y, Vexm + v{Y)VexC + eiVyOKOX) 
=g{Y, Vexm + v{Y)Vexi - ^(VyX) 
e{g{VYX, i)i + g{X, VyOO + viX)9{VY0 
+ {Vy0){X) + 9{\7yX) + g(9X, VyC)C 
=viY)yex^ + r/(X)0(Vye) - i^x9){Y), 

since ^ is a Killing vector field. □ 
Remark 2.1. Setting y = ^ in Lemma [2.21 we obtain, for any X e TM, 

since ^ has geodesic integral curves. 

One can also obtain the commutation of 9 and its derivative, from the relation 
6*2 -Id+77®^. 

Lemma 2.3. Let X and Y be vectors in TM. Then 

iyx9)i9Y) = -diVx9){Y) + .g(y, v^OC + giY, OVxC- 
Proof. Extend the vectors X and Y into local horizontal vector fields, then 

{Vx0){9Y) - Wx(9^Y) - 0(Vx{9Y)) 

= Vx(-y + rj{Y)0 - 9{Wx9){Y) - 9\WxY) 
= -9{Vx9)iY) + g(Y, VxO^ + 9iY, O^x^- 

□ 

Remark 2.2. If, in the above equation, one chooses X ^Y in T, then {V x9)(9X) 
must vanish, since ^ is Killing and 9 nearly cosymplectic. 

In order to compute the harmonic section equations, we need the commutator 
of the restriction to of and its rough Laplacian. 

Lemma 2.4. Let E be a vector in the distribution T . Then 

[Vl^s J, J] = -[V^s,,;^ J, J] + 2\R{E, JE), J], 
where R is the curvature of{J-,V). 

Proof. Let a; be a point in M and E and X vectors in J-^ which we extend to local 
sections of such that VX = \/E = at the point x. First, note that, using 
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Lemma 12.11 

(4) [E,eE] = [E,JE] 

= Ve{JE) - g{VE{JE),i)i + g{VjEE, i)i 

= {VeJ){E) + g{JE, VbOC - 9{E, VjeO^ 

= giJE, VEm + 9{E, J{V^J){JE))i 

= g{JE,\lEm + 9[E,{V^J){E))^ 

= -g{E,J{WEm + 9{E,J{VEm 
= 0. 

Now, by the Leibniz rule 

(VbVeJ)(JX) = Ve{VeJ{JX)) ~ {VeJ) o (Vb J)(X), 
and the first term may be expanded as follows 

Vi;((V£j)(jx)) = yE{{yjEJ){x)) 

= Ve^je{JX) - V£(J(V,7£X)) 

= VbVjbIJX) - J{Ve^jeX) 

= Vje^e{JX) + VyE,.jE]{JX) + R{E, JE){JX) 

- JVje^eX - JV^E,jE]X - JR{E, JE)X 

= yjE^E{JX) - JVjeVeX + [R{E, JE), J]X. 

Therefore 

VB((Vi; J)( JX)) - [R{E, JE), J]X 

= Vj£;((Vb J)(X)) + VjEiJi^EX)) - JVjeVeX 

= -^jeHVjeJKJX)) 

= -iS7jES7jEJ)iJX) - iVjEJ){VjE{JX)) 

= -{^je^jeJ){JX) - {VjeJ) o {VjeJ){X), 
and it follows that 

(5) (VbVb J)(JX) - -(VjbVjb J)(JX) - (VjB J) o (VjB J)(X) 

- (Vb J) o {VeJ){X) + [R{E, JE), J]X. 

Again, by Lemma [01 

(VjB J) o {VjeJ){X) = (VeJ) o J o (Vb J)(JX) 
- (V£J)o(VbJ)(X), 

so Equation ^ can be rewritten 

(VbVb J)( JX) = -{\7jEVjEJ)iJX) - 2{VeJ) o (Vb J)(X) + [R{E, JE), J]X, 
and since 

(V|,£J)(JX) = {Ve^eJ){JX) - {Vv^eJ){JX) 

= {VeVeJ){JX) - (V<,(v^B,e)e J)(JX) 
= (VbV£J)(JX) + iVg^Ey,i)iJ){JX) 
= (VbV£J)(JX), 
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it follows that 

J{^l,EJ)iX) = -J{yjEVjEJ){X) - 2(Vb J) o (Vb J)(X) - [RiE, JE), J]X. 
In conclusion 

[V|,£ J, J] = -[VjeVjeJ, J] + 2[R{E, JE), J]. 

□ 

To obtain the whole of the rough Laplacian of J, we need to determine the 
contribution of ^. 

Lemma 2.5. 

[vl^j,j] = [vl^0,e] = o. 

Proof. Let a; be a point in AI and X a vector in J-^ , we extend X to a local vector 
field, still called X, such that VX = at the point x. First we prove that 

{Vl^9)iX)=9Ri(„X)^. 

As the unit vector field ^ has geodesic integral curves 

V^X = V^X + g{V^X, = -g{X, = 0, 

and with the Leibniz rule, we have 

ivl^0){x) = y^iiy^e)ix)) - (Vv,^^?)(x) - (y^eKv^x) 
= v^i{y^9){x)) 

= (Vc0)(VxO + ^(VeV^O 

= 0R{^,X)C. 
Second, since has geodesic integral curves, 

(Vc0)(X) - (V^ J)(X) 

and 

{wl^e){x) = {vl^J)(x). 

Then, as ^ is Killing with geodesic integral curves and using Lemma |2. II 

{vl^e){x)^eR{tx)^ 

= -j2((v^j)(Vxe)) 

= (Vj J)(VxO 

= -(V5J) o Jo (V^J)(X) 

= Jo (Vjj) o (y^j){x). 

Finally 

[V|,^ J, J]X = J o (Vj J) o (Vj J)(JX) - J2 o (V^. J) o (V5 J)(X) 
= 0. 

□ 
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The previous lemmas enable us to compute the first harmonic section equa- 
tion ([1]) in terms of the Riemann curvature tensor and reduce it to a 0-invariance 
of Ricci-*, in perfect accordance with the case of almost complex structures [H^. As 
we will see in the next section, this condition is actually automatically satisfied for 
nearly cosymplectic structures. 

Proposition 2.1. Let M'^"^^ be a nearly cosymplectic manifold. Then the first 
harmonic equation is verified if and only if 

Ricci* {ex, 9Y) = Ricci*(X,y), 

for X and Y in T . 

Proof. Let x be a point of M and {Fi}i=i....^2n a local orthonormal frame of the 
J-"-distribution such that, at the point a;, Vi^i = 0. Taking traces in Lemma l2.4[ we 
have 

-[V*VJ, J] - [Vl^J, J] = [V*VJ, J] + [Wl^J, J] + 2[R{F,, JF,), J], 

hence 

-[V*VJ, J] = [R{F„JF,),J], 

by the previous lemma, and the first harmonic section equation is satisfied if and 
only if 

[R{F,,JFi),J]^0. 

Since the projection onto the J^-bundle of the curvature tensor is linked to the 
curvature tensor of (J", V) by the equation [5] 

R{X, Y)(5 = R^{X, Y)I3 + r{Vxt ^yOP, 

where 

we can use the skew-symmetry of 9 and Remark 12.11 to obtain 

= -9{'^FX.P)^FA-g{VeFA.P)y0FA 
(6) ^er{VFA.^eFA)P: 

and the vanishing of the first harmonic section equation is then also equivalent to 

[R^{F,,JFi),J]=0. 
Finally, let Z and W be in J^, by Bianchi's first identity 

g{R[F,, JF,)Z, W) = g[R[F,, JF,)Z, W) + g^Vp^t Vjf.^)^, W), 

= -2g{R{Z, F,)JF,,W) + g{r{VFA, Vjf.O^, W), 
and, from Equation ([6|), we deduce 

gmF,,JF,),J]iZ),W)^g{[R^{F,,JF,),J]iZ),W) 

= -2g{R^{JZ,F,)JF, ~ JR^ (Z, F,)JF,,W) 
= ~2g{R{JZ,F,)JF,,W) + 2g{JR{Z,F,)JF,,W) 
= -2giRiJZ,F,)JF„W) ~ 2g{R{Z, F,)JF,, JW) 
= 2 Ricci* {9Z, eW) - 2 Ricci* {Z,W), 
which proves the proposition. □ 
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Remark 2.3. When 77 is closed, the second harmonic section equation is automat- 
icahy satisfied since ^ is then parallel Furthermore, in this case, the identity [1] 

R{ex, ev, 9z, ew) = r{x, y, z, w) 

implies that the first harmonic section equation is also verified as 
Ricci* (6*^,611^) = -R{eZ,F,,eF,,W) 

= -R{z, eF,,F,,ew) 
= -R{z, e^F,,0F,,ew) 

= Ricci*(Z,M^). 

The key ingredient to rewrite the second set of equations is Remark 12.11 as it 
allows us to trace over Fi and QFi and, swapping them around, introduce curvature 
terms. Again, this condition will turn out to be valid for any nearly cosymplectic 
structure. 

Proposition 2.2. Let Af^"+^ he a nearly cosymplectic manifold. Then the second 
harmonic section equation ^ is equivalent to 

^*^^-\^i\'i = -\[R{F,,eF,),e]i, 

where {i^i}i=i,...,2n is a local orthonormal frame of the T -distribution. 

Proof. As previously, let a; be a point of M and {Fi}i=i,...,2n a local orthonormal 
frame of the 7^-distribution such that, at the point x, VFi = 0. Then, by Remark [2.1l 
and Equation (|4]) 

9 o trace(V6' o V^) = ^ o (VF.6l)(6'(VeF,0) 

= -eiVp^VoF^O + ^fAS{^of,0) - 9i^FM^eF,0),0^ 

= -eiypyeF^ - Vef, Vf,^ - V[F,,eF,]C] - 6'(VeF.VF,6 

- ^(V[F,.eF,]0 + Vf. Vf,C - g(VF. Vf.COC 

= -9RiF^, 6F,)^ - 0(VeF, Vf,0 + Vf, Vf.^ - .9(Vf, Vf.^,OC 

= -9R{F„0F,)^ - 0{\/eFM^eF,m - (V*Ve)^ 

= -6'i?(^;,6lF,)e-6lotracc(V6'o VO -6'^(VeF,V0F,O - (V*VO 

= -9R{F„ 9F,)^ -9o trace(Ve' o V^) + V^f, V^f.C 

-.9(VeF,veF,e,e)e-(v*vo-^ 

= -9R{F„ 0F,)^ -0o trace(Ve' o V^) + "^If^^ofA 
= -9R{F,, 0Fi)^ -60 trace(V6' o - 2(V* VO"^, 

since 

VgFA^F^) = (VeF.e)(FO + 0(VeF,Fz) 
= ~VFAG^Fi)+e{WFASFi)) 

= Vf^F, + 9{VFMF^) + O^i'^F^Fi) 
= g(VF.F,,0^ 

= 0, 
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because ^ is Killing, and this implies that 

□ 

3. The harmonic section equations 

The tools of this section are simply the symmetries of the Riemann curvature 
tensor and the tensors 9 and V0. Since, as is customary, second covariant derivatives 
of 9 involve the curvature, its characteristic equation gives a first expression for 
sectional curvatures (Proposition 13. ip . which we extend to the full (0,4)-tensor 
by a polarization argument (Proposition 13. 2p . Then adequate choices of vectors 
quickly yield that the first and second harmonic section equations vanish for nearly 
cosymplectic structures. 

Consider the 2- form 8(X, Y) = g{X, 9Y) and denote by R the curvature tensor 
of the Riemannian manifold {M,g), then 

R{W,X){Q)(Y,Z) = -e{R{W,X)Y,Z) - e{Y, R{W, X)Z), 

(7) v'Q{w,x,Y,z) = (v2^,^e)(y,z) = 5(y,(v2^,^0)(z)), 

and therefore 

Riw,x){e){Y,z) = (v2^,^e)(y,z) - (v2,^^e)(r,z). 

Lemma 3.1. Let X and Y be vectors tangent to M . Then 

R{X, Y)Q{X, 9Y) = v2e(X, y, X, 9Y) 

= R{X, y, X, Y) - R{X, y, 9X, 9Y) - R{X, Y, X, r]{Y)^). 

Proof. First, observe that 

w^e{w, X, Y, z) = -v'^e{w, y, z, x) = -v^eiw, y, x, z), 

since, by Equation ([7]), 

\/^e{W,X,Y,Z) ^ g{Y,{\/l.^^9){Z)) 

- giY, Vm/((Vx0)(Z))) - .g(y, {Vy„x9)iZ)) - g{Y, iS/x9){VwZ)) 
^ -g{Y,Vw{{Vz9KX))) + g{Y,{\/z9){\/wXj) + g{Y,{^v„z9KX)) 

= -v2e(M^,y,z,x), 

while 

v^e{w, X, y, z) = -gii^l^^xOW), z) 

= -g{\/w{{Vx9KY)), Z) + g{{Vv^-x9){Y), Z) + g{{W x9){^wY), Z) 
= 5(VM/((Vy0)(X)), Z) - g{{VY9KVwX), Z) - g{{y^„Y9){X),Z) 
= g{{y^w.YO){X),Z) 

= -v2e(iy,y,x, z). 

In particular, for all W,X,Z ^ TM, 

V^e(W,X,X,Z) = 0. 
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Combining the previous calculations, we obtain 

iR{X, Y)e){X, 9Y) = V2e(X, Y, X, 9Y) - V^e{Y, X, X, dY) 
= -e{R{X, Y)X, 0Y) - Q{X, R{X, Y)0Y) 
= g{R{X, Y)X, Y) - g[R{X, YX, i^{Y)0 - g{R{X, Y)0X, 9Y), 

since 9'^ = -I + rj (g) □ 

Proposition 3.1. Let M^"+^ be a nearly cosymplectic manifold. Then for any X 
and Y in TM 

\{'^xe)(Y)\^ + g\Y, VxO = -RiX, Y, X, Y) + R{X, Y, 9X, OY). 

Proof. Using the first Bianchi identity and the curvature expression for the second 
covariant derivative of a Killing vector field, we easily obtain 

(8) 9{R{X, Y)X, rj{Y)0 - v{Y)g{\7j,^x^, Y). 

On the other hand, for all X, F e TAf, by Equation ([7]) and Lemma [2 .Si we have 

(9) 

v^Q{x, X, r, OY) = g{Y, {y\MSY)) 

= .9(r, V x{{y xe){9Y))) - g(Y, {VxO){Wx{0Y))) - g{Y, {Vsj ,xe){9Y)) 

= -g{Y, Vx[e{Vxe){Y) - g{Y, V x^ - viY^xm ^ giY. (V^^) ° i"^ xe){Y)) 

- {^xO) o 9{VxY)) + 9{V^,xe){Y)) - 2rj{Y)g{Y, Vv^^O 

= -g{Y, {Vxe) o {Vxe){Y)) - 5(y, 9Vx{{^xO){Y))) + g{V xY, V xOviY) 

+ g{Y, VxVxOviY) + g\Y, V xO + vi"^ xY)g{Y, VxO + g^Y, VxO 

+ viY)giY, VxVxO + |(Vx0)(y)|' + giY, 9{Vx0){VxY)) - 7^{Y)g{VxY, V^O 

- g{Y, WxOvi^xY) + g(Y, 9{Wv,xO){Y)) - 2g(Y, V^^xOviY) 

- -g{Y, 9{V%,x9){Y)) + 2\{Wx0){Y)\' + 2g'{Y, VxO + MY)g{Y, V%xO- 
Since 9^ = —I + ij (E) ^, we have 

(Vjf02)(y) = Vxi-Y + 77(r)e) + VxY - vi^xY)^ 

= vi^xY)^ + giY, VxOi + viY)Vxi - vi^xY)^ 
^g{Y,VxO^ + v{Y)^x^, 

therefore 

iyx^x0^){Y) - Vx((Vx0')(F)) - {VxO')iyxY) - {y^,xO^){Y) 
= Vx [g(Y, VxOC + v(Y)VxO] - gi^xY, VxOe 

- r?(Vxi^)VxC - giY, VvxxOe - viY)Vy,x^ 

= giVxY, VxO^ + g{Y, VxOe + 2<?(r, VxOVx^ 
+ 77(Vxr)Vxe + viY)Vx^x^ - gi^xY, VxO^ 

- viyxY)Vx^ ~ giY, Vv.xm - viY)yv.x^ 
= g{Y, W'x^xO^ + 2giY, WxO^x^ + riiY)Vj,^x^. 

The covariant derivation of 9^ yields 

i^^^xO^m = iylxO)iOY) + 9 o iy'dm + 2ivxe) o iVxew), 



THE HARMONICITY OF NEARLY COSYMPLECTIC STRUCTURES 



11 



and since 9 and ^'"^ skew-symmetric 

5((V^,x^')(n,n - 2g{eo{y\xO){Y),Y) + 2g{{Vxe) o {Vxe){Y),Y). 
Hence 

(10) g{6{^\^xO){Y),Y) = |(Vx0)(r)P + g{Y, V%xOv{Y) + g^Y, VxO- 
Equation ([7]) means that 

9ii'^x,xS)i0Y), Y) = V2e(X, X, Y, eY), 
and the skew-symmetry of 9 and its covariant derivatives imply that 

9iiy%xO)idY),Y) = g{Y, 9{V\,xO){Y)). 
hence, by Equations PH)) and ([5]), 

v2e(x, X, r, er) = |(Vx0)(y)|2 + r,{Y)g{Y, v^^o + v^O- 

Moreover, we have 

V^Q{X,X,Y,9Y) = -V'^Q{X,Y,X,9Y), 
and, from Lemma 13.11 and Equation ([8]) , 

-V2e(X, y, X, (?r) = Y)X, Y) + r7(>")5(V|,xe, y) + g{R{X, Y)9X, 9Y), 

therefore 

- g{R{X, Y)X, Y) + ??(y)ff(V|,^e, Y) + y)0X, 9Y) 

= |(Vx0)(y)|' + r;(y)<7(y, y%xi) + 9\y, v^O- 

□ 

The somewhat cumbersome formula of the next proposition is key to the har- 
monicity of nearly cosymplectic structures, even though it is essentially nothing 
more than a refinement of Proposition 13.11 followed by a fairly standard exercise 
on the symmetries of the Riemann curvature tensor. 

Proposition 3.2. Let M^""*"^ he a nearly cosymplectic manifold. Then for any 
X, y, Z and W in TM , we have 

R{W, X, y, Z) - R{9W, 9X, 9Y, 9Z) = \ [A{W, X, Y, Z) - B{W, X, Y, Z)], 

where 

A(W, X, y, Z) = \ [T{W + Y,Z + X)- T(W + Y,X) + T{W, X) + T{Y, X) 

- T{W, Z + X)- T{W + Y,Z) + T{W, Z) + T{Y, Z) - T(Y, Z + X)], 

B(W,X,Y,Z) = \[T{W + Z,X + Y) - T{W,X + Y) - T{Z,X + Y) - T{W + Z,X) 
+ T{W, X) + T{Z, X) - T{W + Z,Y) + T{W, Y) + T{Z, Y)] 

and 

T{X, Y) = -2g{Y, £,)g{e{V xe){Y), V xO + 2g{X, i)g{9{V xe){Y),VYO 

- 2g(X, i)g{Y, ^gi^x^, VyO + g'{Y, ONx^f + g'iX, ONv^f 

+ g{Y, ORiex, 9Y, X, - g{x, OR{dx, 9Y, y, 0- 
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Proof. From Lemma [2T2l we deduce that 

\{Vex9)ieY)\^ =|(Vx0)(r)|2 - 2rjiY)g{9iVxO)iY),\7xO 

-27^{XMY)g{\/xtVYO 

since Vgx^ = —d{'^xO ^ skew-symmetric. Substitute \{V x0){Y)\'^ and 
\iyex6){0Y)\^ using Proposition [XT] to obtain 

- g{R{eX, eY)eX, by) + g{R{eX, 9Y)X, Y) - g{R{eX, eY)X, ri{Y)C} 

- g{R{9X, eY)i^{X% Y) - g\V x^, Y) 

- -g{R{X, Y)X, Y) + g{R{X, Y)0X, 9Y) - g\V xL Y) - 2i^{Y)g(e{V xe){Y),V xO 
+ 2T^{X)g{e{Vxe){Y), VyC) - 2ij{X)f^{Y)g{V xi, V^O 

+vHY)\yxe+v\x)\VYe. 

hence, for all X and F, 

g{R{X,Y)X,Y) - g{R{eX,eY)eX,eY) = -2r^{Y)g{e{Vx0)(Y),VxO 
+ 27^iX)giieV xO){Y), VyO - 2^{XMY)g{V x^, ^yO 

+ v'{Y)\\7xif + v'W\\7Y^f + viY)giRi0x,eY)x,o-v{x)g{R{ex,eY)Y,o, 

and a polarization argument for four-tensors yields the result. □ 

Remark 3.1. One can easily check that 

• yX,Y e TM, T{X,Y) = T{Y,X). 

• VX, y e J", r(X, Y) = O, therefore if X, Y,Z,W e T, 

RidW, ex, OY, 0Z) = R{W, X, Y, Z). 

• vr e J", 

• VX e J", 

+ X,Y) = -\Vy^? + 2g{e{Vxe){Y), VyO - 9{R{0X, 0Y)Y, 0. 

Judicious selection of vectors for the previous proposition promptly gives the 
harmonic section equations. 

Proposition 3.3. A nearly cosymplectic manifold satisfies the first harmonic sec- 
tion equation ([1]). 

Proof. Recall that Proposition 12.11 showed that the first harmonic section equation 
vanishes if and only if 

Ricci* {ex, BY) = Ricci* (X, Y) , yX,Y e T. 

Then, by Remark l3.1l 

Ricci* (ex, dY) = g{R{dX, F,)dF,,B^Y) 

^g{R{e^x, eF,)e^F,,e^Y) 

= g{R{X, 0F,)e^F,,eY) 

= Ricci* (x,y). 
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working with the orthonormal basis {0i^j}i=i....,2n- D 

Proposition 3.4. The unit vector field ^ of a nearly cosymplectic manifold A/^"+^ 
is always harmonic (as a unit vector field). Furthermore 

R^{F„0F,)^ = O, 

where {-Fi},-i....,2n an orthonormal frame of J- , and the second harmonic section 
equation ^ is satisfied. 

Proof. We apply Proposition 13.21 to the vectors W = Fi,X = OFi , F = ^ and 
Z = 9W. Then, using repeatedly Remark 13.11 we compute the various terms to 
obtain 

gieiVFM0W),\7eFA) + \g{R{eF,,w)eF,,£,) + \g{R{eE,,Ei)eW,0 
= g{e{VeFAOW)),VF,i) + y{R{F,,eF,)eW,0 - \g(R(F,,W)F,,0 
+ 3g{R{F,,eF,)^,eW). 
Since giRiF^,W)F^, ^) ^ g{R{eF^,W)0F„^), this simplifies to 

^2g{R{F,,eF{)i,eW). 
Furthermore 

g{e{VFMOW),VeF,0 = -g{{VFMOW),VFM 

= -g{W,e{tia.ce{Ve oV^)), 

and 

-gieiVeFM0W),VF,O - -9{-9^VeFMW),VF,0 

= giiVeFMO^W),VFA) 
= -g{W, 6'(trace(V6' o V^))), 

then the formula of Proposition 13.21 can be rewritten 

2g{W, 0(trace(V0 o VO)) = 2g{eR{F,, 0F,)^, W) - g{{V*VO^, W). 

On the other hand, in Proposition 12.21 we proved that 

d o trace(V6i o V^) = ~leR{Fi,dF,)^ - (V* V^"^, 

then 

0R{F,,eF,)^ - ^{\7*\70^ ^ -^&RiF^,eF,)^ - 

that is 

(11) 3eRiF,,eFi)^ - -(v*ve)^. 

Now we use the formula of Proposition l3.2l with W — X — Fi,Y — Fi and Z ^ T: 

giRiC,F,)F,,Z) = ~giZ,0{VFM^FA)) " y{R{eF,,0Z)F,,O. 
Since we proved in Proposition 12.21 that 

9 o trace(V6i o = -\eR{Fi, BF,)^ - (V* V^"^, 

we obtain 

g{R{^,F,)F,,Z) = yi9RiF,,9F,)^ + 2V*V^,Z) + ^giRitF,)9F,,0Z), 
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and, since ^ is a Killing vector field, 

(12) R^{F,,eFi)i = -R^{i,F,)BF,. 

By the first Bianchi identity and replacing the basis {-Fi}i=i,...,2n by {0fi}i=i,...,2n 
we have 

R{F,,eF,)^^ -2R{tF,)eF,. 

However by Equation (fT2|) 

R^{F„eF,)i = -R^{i,F,)eF,, 
and comparing these last two equations, we infer that 

R^{F,,eFi)^ = Q, 
and, with Equation ([Tl]) . conclude that 

(v*vo-^ = 0. 

Moreover, from Proposition 12. 2[ the second harmonic section equation must hold. 

□ 

4. Harmonic map Equations 

Having just established that a nearly cosymplectic structure must be a har- 
monic section, the question naturally arises whether it is possible to go a little 
further and show that such an almost contact structure can actually be a harmonic 
map. Though the harmonic map equation, subordinated to the harmonic section 
equations, is given by the vanishing of a sum of two terms, we are able to prove 
that each summand vanishes, the first being entirely dependent on a complement 
to Proposition 13. 2[ while the second hinges on the vertical part of the curvature 
tensor of F. 

Proposition 4.1. Let M^^'^^ he a nearly cosymplectic manifold. Then for X^Y, Z 
and W in F , we have 

R{Y, X, w, z) - X, ew, ez) - -g{{Vwe){z), {VyO){x)) 

Proof. Let X, Z and W be vectors in the J^-distribution, applying Proposition 13.11 
to the vectors W and Z + X , we have 

\{Vwe){z + + g\z + X, VwO 

= -g{R{W, Z + X)W, Z + X)+ g{R{W, Z + X)0W, 0{Z + X)). 
Expanding both sides of the equation, we get 

\{\7wO){Z)\^ + \{VwO){X)\^ + 2g{{\7we){Z), {VwO){X)) 

+ g^{z, VwO + gHx, VwO + Mz, VwOgix, VwO 

= -g{R{W, Z)W, Z) + g{R{W, Z)9W, 9Z) - 2g{R{W, Z)W, X) 
+ 2g{R{W, Z)eW, ex) - g{R{W, X)W, X) + R{W, X, OW, OX), 

and since (Proposition 13. 2p 

g{R{w, x)ew, ez) = g{R{w, z)ew, ex), 
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we deduce that 

(13) 2g[[\Iwe){Z), {VwO){X)) + 2.g(Z, VwOgi^, VwO 

= -2g{R{W,Z)W,X) + 2g{R{W,Z)eW,eX). 

Applying this equation to the vectors W,X + Y and Z, we obtain 

g{R{W, X + Y){X + Y),Z) - g{R{W, X + Y)9{X + Y), 9Z) 
= giiVx+YO)iW), {Vx+YO)iZ)) + g{W, Vx+y09{Z, Vx+yO, 

and expanding the left-hand side, with the first Bianchi identity, we can rewrite 
this equation as 

g{R{W, X)X, Z) - g{R{W, X)ex, 9Z) + 2g{R{W, X)Y, Z) - g{R{W, X)dY, OZ) 
+ g{R{W, Y)Y, Z) - g{R{W, Y)ex, 0Z) - g{R{Y, X)W, Z) - g{R{W, Y)eY, OZ) 
= g[{Wxe){W), {Vxe){Z)) + g{W, VxC).9(^, V^O 
+ g{{yY9){W), {VYe){Z)) + g{W, Vy09{Z, Vy^ 

+ 2g{R{W, X)Y, Z) - g{R{W, Y)0X, OZ) - g{R(Y, X)W, Z) - g^RiW, X)eY, OZ). 

Expanding both sides of the equation and using Equation (jl3p . yields, after some 
simplifications 

2g{R{W, X)Y, Z) = g{{Vxe){W), (Vy0)(Z)) + g{{VYe){W), {V xe){Z)) 

+ g{w, WxOgiz, VyO + g{w, VyOgiz, v^e) 

+ giRiW, X)eY, 6Z) + g{R{Y, X)W, Z) + g{R{W, Y)ex, 6Z). 
Now, by Proposition l3.ll 
(14) 

\{Vw+Ye){X + Z)\^+ g\X + Z, Vw+yO 

= -g{R{W + Y,X + Z){W + Y),X + Z)+ g{R{W + Y,X + Z)9{W + Y),9{X + Z)), 



Expanding both sides of the equation and applying Proposition 13.11 and Equa- 
tion it simplifies to 

2g[[\Iwe){X), (Vy0)(X)) + 2g{{Vwe){X), (Vy0)(Z)) + 2g{{Vwe)[Z), (Vy0)(X)) 
+ 2g{{Vwe){Z), {Vy6){Z)) + 2g{X, Vwi)g{Z, VyO + 2{X, Vy0.g(^, Vt^^O 
= 2g{{Vxe){Y)., {Vxe){W)) + 2g{{Vze){W), zOW)) 
+ g{R{W, X)6Y, eZ) - ?.g{R{Y, X)W, Z) + 2g{R{W, Z)9Y, 0X) 

- g{R{w, Y)ex, ez) - g{{\ixO){w), (Vy0)(z)) - g((Vy0)(w^), {V xe){z)) 

- g{w, Vx^)g{z, VyC) - g{w, \/YOgiz, VxO, 

and further, if we use nearly cosympleticity and the Killing vector field properties 
ofe 

(15) 

3g(i?(r, x)w, z) - g{R{w, x)eY, ez) - 2g{R{w., z)eY, ex) + giRiw, Y)ex, ez) 

= -5((Vy^)(W), {yxe){Z)) - 2g{{Vwe){Z), {Vy6){X)) - g{{VwO){X), (Vy0)(Z)) 

- 2g{x, VyO<?(^, ^wO - gix, VwOgiz, Vy^ - g{w, ^YOg{z, VxO- 
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Replace W by 9W and Z by dZ in the above formula to get 
(16) 

3g{R{Y, X)eW, OZ) + g{R{eW, X)9Y, Z) - 2g{R{eW, 9Z)9Y, OX) - g(i?(6'VK, Y)eX, Z) 
= -g{{VYe){eW), {VxO){eZ)) - 2g{{VewO){eZ), {VyO){X)) 

- g{{Vewe){X), {VyOKeZ)) - 2g{X, VyOdiOZ, VewO 

- g{X, VewOgidZ, VyO " 9{m VyOgioz, VxO- 



By Lemma [2731 

-g{{\/Y0){eW),{\/xe){9Z)) = -g{9{VYe){W),e{Vx9){Z)) - g{W,\/Y09iZ,^xO 
= g{{VY9){W), -{Vx9){Z) + g{{Vx9){Z), 00 " 9{W, Vy05(^, ^xO 
= -g{i\7Y9){W), {Vx9){Z)) + g{{\/x9){Z), e)3((Vy0)(Ty), - g{W, Vy^sC^, ^xO 
= -g{{VY9){W), {Vx9){Z)) + g{Z, 9{\7xO)9iW, 9{VyO) " 9{W, Vy09{Z, VxO, 
and similarly 

-g{{VewO){X), (Vy0)(^?Z)) = g{{Vx9)iW), (Vy0)(^)) - g{W, 9{VxO)9{Z, 9{VyO) 

+ g{W,Vx09{Z.VY0- 
Plugging in the last two equations in ([16]) and then subtracting it to (fT5|) , we obtain 
(17) 

- Ag{{Vw9){Z), {Vy9){X)) - Ag{X, Vy09{Z, ^wO 

= bg{R{Y, X)W, Z) - g{R{Y, 9X)9W, Z) - bg{R{W, Z)9Y, 9X) + g{R{X, 9Y)9W, Z). 
Replacing Z by 9Z and Y by 9Y , dividing by 5 and using Proposition [3?2l gives 



(18) 

- ^[g{{Vw9){9Z), {VeY9){X)) + g{X, WeY09{OZ, VwO] 

= giR(Y, 9X)9W, Z) - lg{R{Y, X)W, Z) - g{R(X, 9Y)9W, Z) - \g{R{X, Y)9W, 9Z), 
now adding up (fT7)) and yields 

(19) - Ag{{Vw6){Z), (Vy0)(X)) - lg{{^w9){9Z), {VeY9){X)) 

- Ag{X, Vy09{Z, VwO " H^. "^evOgi^Z, VwO 
= fg{R{Y,X)W,Z) - fg{RiY,X)9W,9Z). 

Finally, since 

giiywO)i9Z), {VeY9)iX)) = -giiVw9)iZ), (Vx0)(r)) + gi9Y, VxOaiOZ, VwO 

-g{Z, Vw09{y,VxO, 

injecting this term in Equation (|19p. and simplifying by 5, yields the proposition. 

□ 

Corollary 4.1. For any X,Y,Z and W in JT we have: 
g{[RiY,X),9]W,Z) = e{{VY9)iX)AVw9){Z)) 

- 9{W, Vz09{X, VbyO + 9iY, Vx09{Z, VgwO- 
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Proof. Substitute W by 9W in Proposition 14.11 and use Lemma 12.31 and the skew- 
symmetry of 6 and V0, to obtain 

X)9W, Z) - g{6R{Y, X)W, Z) 

= -g{e{Vze)(w), (Vy0)(x)) + g{w, VzOgii^yOKX), + gir, VxOgiz, VgwO 

- e{{VYO){X), {\/w0){Z)) - 9{W, \/zOgiX, VevO + giY, ^xOg{Z, ^ewO, 
which is the expression we sought. □ 

RecaU from the introduction that the harmonic map equations for an almost 
contact structure are ([5]) 

((Vb. J)(F,), [R[E,,X), e]F,) + 8(V£.C, R[E,,X)^) = 0, 

for any X e rAf,and where {-E'i}i=i,...,2n+i — {fi}j=i 2n U {C} ^-^i orthonormal 

basis of TM with {Fi]i=i^,,,,2n an orthonormal basis of F. 

We will actually prove that each term of this sum is zero, separately for X in 
the J^-distribution and then for X = ^ the Reeb vector field. 

Proposition 4.2. Let M^"+^ he a nearly cosymplectic manifold. Then for any X 
in F we have 

9{{VEj){F,),[R{E,,X),e]F,)^0, 
where 2n is an orthonormal basis of F and {Ei}i^i 2n+i = 2nU 

U}- 

Proof. First notice that ii X ^ F then, by Corollarv l4.11 we have 

{{yEj)iF,),[R^iE..,x),e]F,) = e{{VEMx),i^F,omEj)iF,))) 

Now 

g{{VFMx),e{VF,e) o [v p^m)) ^ g{{v xe){F,),e{v F,e) o {VF,J){F^)) 
= ~g{e{^xe){F,).{^F,ef{F,)) + g{{yFMF^)^Og{o{^xem).{^F,em). 

and 

g{e{Vxe){F,),{VF,9f{F,))=0, 

since (Vf;^)^ is a symmetric operator on F, whilst 9 o Vy0 is antisymmetric. 
Furthermore, changing the basis {-Fi}i=i....,2n into the basis {0-Fi}i=i....,2n and using 
the Lemmas 12.21 and 12.31 shows that 

g{{VFMF'^)^Og{o{^xe){F,), [VfMO) = o. 

On the other hand 

g{{v^e){x),e{VF,e) o {v^j){f,)) = -giVxt {VfS o (VeJ)(F,)) 

= -g{Vx^,-0{VFM'^F,O + g{^F,^,VFM) 

= 0, 

since ^ is a unit section and (Proposition 13.41) trace V9 o = 0. Therefore, if 
X eF 

g{{^EMx),e{^F,e) o (Vs. J)(F,)) = o. 
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Our condition now reduces to 

and concentrating on the second term 

= g{X, VeE^09{QF'j,^e(y,^ J)m0 
= -9{X,\/eEA)9{Fj,^iv,^j)iEoO 

^g{X, VgEA)9{Fj,^(V,^J)iFi)0 

and the resuh follows as it cancels with the first term. □ 

We now prove the counterpart formula for vectors in the ^-direction. 
Proposition 4.3. Let M^"+^ be a nearly cosymplectic manifold. Then 

g{[R{E,,O,e]F,,{^Ejm})=0, 
where 2n *s m orthonormal basis of F and 2n+i ~ {^i}i=i 2nU 

U}- 

Proof. If W and Z are in the J^-distribution, we have 

g{[R{W, 0, 0]Y, Z) = g{R{W, ^OY, Z) + g{R{W, ^Y, OZ), 
and using Proposition 13. 21 with W, Y and Z in and ^, we obtain 
(20) 

3g(R(W, OY, Z) = 2g{0{VzO){Y), VwO + g(0{WzO){W), VyO 

- \g{R{eZ, 9W)Y, + 9{R{0Y, eZ)W, £,) - g(^?(Vy0)(Ty), V^O + \g{R{eY, 9W)Z, 0- 

Putting_W^ ^ E,,Y ^ OFj and Z = {\/E,J){Fj) and then W ^ E^, Y ^ and 
Z ^ 0{VE,J)iFj), we obtain 

3g{R{E,,09F,,{VE,J)iF,))^ 

29miv.^j)iF,)0)m),VEA) + 9miv,,j)iF,)Om),S/eF,0 
- \g[R[e{VEj){F,),eE{)eF,,i)-g{R{F,,e{VEj){F,))E,,0 

-9{e{VeF,e)m.'^iv.^j)iF,)0 - '^9{R{F„0E,)iVE,J)iF,),O 

and 

3giRiE,,OF„0iVE,J)iF^))^ 

+ y{R{{VEj)(F,),9E,)F,,0 ~ 9{R{0F„{\7eJ)(F,))E,,O 

- g{eiVE,0m),'^oiv,,j)(F,)O + HRm,eE,)0{VEj){F,),O- 

The first terms of each equation are opposite, since 

2g{e{^iv,^.meF,)0){Fj),VE.O - Mi^iv.^JKF.)OKFj)yE,0 
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and 

by Lemmas 12.31 and 12.21 

The second terms will cancel since 

5(^(V(v,^j)(j.^.)^)(£;0,Vej.,0 = -9{{^iv,^j)(F,)0){E^),VF,O. 

and 

as will the fifth terms 
whilst 

In conclusion we are only left with the curvature terms 
ig([R{E,,O.0]Fj,{VEj){Fj)) 

= ~\g{R{e{V Ej){F,),eE,)eF^,0 - \g{R{Fj,eE,){VEj){F,),0 
+ \g{R{eF„eE,)e{V eJ){Fj),0 + \g{R{{VEj){F,),eE,)F,,0 
- g{R{F, , e{VE, J) {F,))E, , - 9{R{eF, , ( V^^, J) {F,))E, , f)- 
Using the first Bianchi identity this simplifies to 

(21) ig{[R{E,,S.),e]F„{VEMF,)) 

= \g{R{{VE^J)(F,),F,)eE,,i) + \g{R{eF,,e{\/ eMF,))0E,,O 
- g{R{F, , e{VE^ J) {F,))E, , C) - , ( V^^. J) (i^, , 0- 

Changing the orthonornial basis {i?i}i=i,....2n+i to {0i?i}i=i....,2n U {^} yields 
yiRiiyE.J){Fj),Fj)9E,,0 = i.9(i?((Ve£,J)(0F,),0^;-)^'^^.,O 

= -i9(i?(eF„(Vi;,J)(F,))ii;„0, 

and making the same type of change 

y{R{eF,,e{VErJ){F,))eE,,0 = -lg{R{F,,e{^EjWj))E,,o, 

therefore Equation ((2T|) reduces to 

(22) ?,g{[R{E,,0.e]FjA^Ej){Fj)) 

= -lg{R{F„e{VE,J){F,m,0 - IgiRieF,, (V^. J)(F,))£;„e). 
Changing from {i^i}i=i....,2n to {0-F'i}i=i,....2n, we can rewrite the second term: 

-lg{R{0F,,{VEjKF,))E,,O = -lg{R{F„d{VE,J){F,))E,,0, 
and Equation (|22]) becomes 

(23) g([i?(£;„0,^]^;-,(Vi;,J)(i^,)) = -.9(i?(i^„^(VB,J)(F,))ii;„C). 
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Now 
(24) 

gmE.,O,0]F,, (Ve. J)(F,)) = giRiE,,09Fj, (.^eJ^Fj)) - g{eR{E.,OF,. e^Fj)) 
= g{R{E,,Oe^F,,{VEMeFj))+g{R{E,,i)F,,e{VE^J){F,)) 
^2g{R{E,,0Fj,e{VE,JKF,)), 

again replacing {Fj}i=i,...,2„ by {6'Fi}i=i,...,2n- Finally, comparing and ((231) 
implies that 

gmE,,O,0]F,,{^Ejm})=0. 

□ 

We now prove that the second term in the harmonic map equation ([3|) vanishes. 
This requires a formula similar to Equation (j20p but without curvature terms on 
the right-hand side, and the proposition will easily follow from this. 

Proposition 4.4. Let be a nearly cosymplectic manifold. Then for any X 

in TM , we have 

5(V£;.^,i?(i?„X)e)=0, 

where {i?i}i=i,...,2n+i = {^j}j=i,...,2n U {C} ^■s o.n orthonormal basis of TM with 
{i^i}j=i,...,2ji an orthonormal basis of J- . 

Proof. Let Y, Z and W be vectors in the J^-distribution. We first need an expression 
for g{R{W, Z)Y, ^). Apply Proposition O to + y and Z + ^: 

- g{R{W + Y,^ + Z){W + Y),^ + Z)+ g{R{W + Y,^ + Z)9{W + F), 9Z) 

= |(VM/+y0)(e + ^)|' + + ^, Vh/+fC), 

Expanding the right-hand side of the equation, with the help of the first Bianchi 
identity, we obtain 

(25) 

- g{R{W + Y,^ + Z){W + Y),^ + Z)+ g{R{W + Y,^ + Z)6{W + Y), 9Z) 
= -giR{W, OW, - giRiW, Z)W, Z) + g{R{W, Z)BW, OZ) - g{R{Y, ^ 

- g{R{Y, Z)Y, Z) + g{R{Y, Z)9Y, OZ) - 2g{R{W, ^W, Z) + g{R{W, ^)9W, 9Z) 

- 2g{R{W, Z)Y, Z) + 2g{R{W, Z)9Y, 6Z) - 2g{R{Y, C)Y, Z) + g{R{Y, S,)9Y, 6Z) 

- 2g{R{W, - 2g{R{W, ^)Y, Z) + g{R{W, ^OY, OZ) - 2g{R{W, Z)Y, 
+ g{R{Y,^)9W,9Z). 

But applying Proposition 13 . II to the vectors W and Z + ^ and expanding both sides 
we deduce that 

(26) - 2g((Vwe){Z), 9VwO = -MRiW, OW, Z) + g{R{W, OOW, 9Z), 
and similarly, with the vectors W + Y and we obtain 



(27) 



-g{R{tW)i,Y)^g{Vwi,^YO- 
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Therefore Equation (|25|) becomes 
(28) 

- g{R{W + Y.X + Z){W + Y).X + Z)+ g{R{W + Y,^ + Z)9{W + Y),9Z) 

= li^wOmi' + l(Vy^?)(OI' + \iVw0){Z)\'+g\Z,\/wO + \{Vy0){Z)\' + g'iZ^VyO 

- 2g{{^wd){Z), e{\/wO) + 2g{\7wt VyO - 2g((Vy^^)(Z), 0(VyO) 
+ 2g{{VzO)iY), \7ze{W)) + 2g(r, VzOgiw, VzO 

- 2g{R{W,C)Y,Z) + g{R(W,C)0Y,9Z) - 2g{R{Y,C)W, Z) + g{R{Y,^)eW,eZ). 
Since 

(29) giR{W, ^ + Y){C + Y),Z)- g{R{W, ^ + Y)eY, 0Z) 

- 9{R{W, Z) + 2g{R{W, ^Y, Z) - g{R{W, ^OY, 0Z) 

- g{R{Y, W)Y, Z) + g{R{Y, W)0Y, 9Z) - g{R{Y, ^W, Z), 

and by Proposition |4?1] 

-giRiY, W)Y, Z)+g{R{Y, W)9Y, 9Z) = .g((Vy^^)(W^), (Vy(?)(Z))+g(W^, Vy?)g(Z, Vy?), 
we get 

(30) g{R{W, i + Y){i + Y),Z)~ g(R(W, ^ + Y)9Y, 9Z) 

= gi^wL VzO + 25(i?(W^, Z) - g{R{W, O^Y, 9Z) 

- g{R{Y, OW, Z) + g{{VY9){W), (Vy(?)(Z)) + g{W, VyOdiZ, Vy^- 

In order to compute the term (pO]) . we consider the vectors W + Z and Y + 

(31) 

g{R{W + Z),^ + Y){^ + Y),W + Z)- g{R{W + Z,^ + Y)9Y, 9{W + Z)) 
= g{R{W, i + Y){i + Y),W)~ g{R{W, C + Y)9Y, 9W) 
+ 2g{R{W, £,+Y){£,+Y),Z)^ g{R{W, ^ + Y)9Y, 9Z) 

- g{R{Z, C + Y)9Y, 9W) + g{R{Z, i + Y){^ + Y), Z) - g{R{Z, ^ + Y)9Y, 9Z), 
and 

(32) - 3g{RiW, ^ + Y)9Y, 9Z) + ig{R{9W, 9Y)Y, Z) 

(33) + 3.g(i?(Z, ^ + Y)9Y, 9W) - 3g{R{9Z, 9Y)Y, W) 

= -3g{R{W, C + Y)9Y, 9Z) + ig{R{Z, ^ + Y)9Y, 9W). 

Compute by Proposition E^l with W, ^ + Y, 9Y and 9Z 
3g{R{W, C + Y)9Y, 9Z) - ig{R{9W, 9Y)Y, Z) 

- \[2g{9{VezO){W), VgyO + ^g{9{V eze){9Y), VwO - 2g{9{VeYe){W),VezO 
+ g{R{Z, 9W)9Y, - 2g{R{Z, Y)W, C) - g{R{Y, 9W)9Z, C)], 

and, exchanging W and Z, we get 

Sg{RiZ, ^ + Y)9Y, 9W) - 3g{R{9Z, 9Y)Y, W) 

= ^[2g{9{^gw9){Z), VevO + ^g{9{V ewO){eY), ^zO - 2.g(0(Vey0)(Z), ^gwO 
+ giR{W,9Z)9Y,0 - 2g{RiW,Y)Z,0 - 9iRiY,9Z)9W,0], 
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hence 
(34) 

'ig{R{W, ^ + Y)OY, eZ) - "igiRieW, eY)Y, Z) 

- 3g{R{Z, C + Y)9Y, 9W) + 3g(i?(6'Z, 6Y)Y, W) 

= SgiRiW, C + Y)9Y, OZ) - SgiRiZ, ^ + Y)eY, OW) 
= ^[2g{9{VezO)iW), VevO + M0i'^0zO){9Y), VwO 

+ g{R{Z, eW)eY, - 2g{e{VeYe){W), VezO - g{R{Y, 9w)ez, - MR{Z, Y)W, 

- 2g{0{VewO){Z),\/gYO " M&{^9wO){eY),\/ zO 

- giRiW, 9Z)9Y, ^ + 2.g(0(Vey^)(^), ^ewO + 9{R{Y, 9Z)9W, + 2g{R{W, Y)Z, S)]. 
But 

g{9{Veze){W),VgY0 - g{{SIewe){9Z), VevS.) 

= -g{9{V0wO){Z),VgYO, 

and 

gi9{VeY0){Z),VgwO = -g((Vey0)(Z), V^O 
^ ~g{{\/Ye)i9Z),VwO 
^g{{Vgz9){Y),VwO 

^g{e{Vez0KeY),VwO- 

Therefore, we rewrite (|34|) as 
(35) 

3g{R{W, C + Y)9Y, 9Z) - 3g{R{Z, £_ + Y)9Y, 9W) 

= \[^g{e{V6ze){W),VgY0 + &g{9{ygz9){9Y),Vwi) - 6g{9{VgwO){9Y), VzO 
+ g{R{Z, 9W)9Y, ^ ~ g{R{Y, 9W)9Z, ^ + 2g{R{W, Y)Z, 
- g{R{W, 9Z)9Y, + g{R{Y, 9Z)9W, - 2g{R{Z, Y)W, 0], 



and, using this equation, pil) becomes 

g{R{W + Z,C + Y){C + Y),W + Z)~ g{R{W + Z,^ + Y)9Y, 9{W + Z)) 
= g{R(W, ^ + Y){^ + Y),W)- g{R{W, C + Y)9Y, 9W) 
+ 2g{R{W, e + y)(e + r), Z) - 2g{R{W, ^ + Y)9Y, 9Z) 

+ \[Ag{9{Vgz9){W), VgY^.) + Qg{9{Vgz9){9Y), VwO - 6gi9{\/gw9){9Y), VzO 
+ g{R{Z, 9W)9Y, C) - g{R{Y, 9W)9Z, + 2.9(i?(W^, Y)Z, 
- g{R{W, 9Z)9Y, + g{R{Y, 9Z)9W, - Y)W, 0] 

+ g{R{Z, e + + Y), Z) - g{R{Z, ^ + Y)9Y, 9Z) 
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Using Proposition 13. II and simplifying we obtain 

giRiW, ^ + Y){^ + Y),Z)- giRiW, ^ + Y)9Y, 0Z) = 
gi^w^, ^zO - 9{0Vwi. i^zeW)) - g{{Vw9){Y), OV zi) 
+ g{{Vwe){Y), {Vze){Y)) + g{Y, VwOgi^zt Y) 

- W^g{e{Veze){W),VeYO + &g{e{\Ieze){eY),VwO - (Sg{e{Vewe){eY), VzO 
+ g{R{Z, eW)9Y, - g{R{Y, eW)9Z, + 2g(i?(W^, Y)Z, ^ 

~ g{R{w,ez)eY,^) + g{R{Y,ez)ew,c) - MRiz, y)w,^)]. 

Plugging this into ([30|) yields, after simplifications 
2g{RiW, OY, Z) - g{R(W, ^OY, 9Z) 

= g{R{Y, OW, Z) - g{eVw^, i"^ ze){Y)) - g{{Wwe){Y), OVzO 

- UMO(^ezO){W),VeYO + 6g{O{Vgz0)ieY), VwO 

- 6g{9{VewO)ieY), v^O + giRiz, 9W)eY, - g{R{Y, ew)9z, 

+ 2giRiW, Y)Z, - giRiW, 9Z)9Y, + g{R{Y, 9Z)9W, - 2g{R{Z, Y)W, 0] . 
Then Equation ((28|) becomes 

- g{R{W + r, e + Z){W + Y).,^ + Z)+ g{R{W + F, ^ + Z)9{W + Y),9Z) 

= \{^wem? + l(VY^?)(OI' + \{^we){z)\-' + g\z, VwO + l(Vy0)(z)|2 

+ g\Z, VyO - 2g{{VwO){Z),9{VwO) + 2g(Vvv^, Vy^ - 25((Vy0)(Z), 0(VyO) 
+ 2g{{Vze){Y), {Vze){W)) + 2g{Y, V zOgiW, VzO 

- g{R{Y, ^)W, Z) + g{9Vwt {^zO){Y j) + g{{\/w0){Y),9VzO 
+ ±[Agi9{Vez0){W),VeYO + 6g{9{Vgz9){9Y),VwO 

- 6g{9iVgwO)i9Y), V zi) + g{R{Z, 9W)9Y, - g{R{Y, 9W)9Z, 

+ 2g{R{W, Y)Z, - g{R{W, 9Z)9Y, ^ + g{R{Y, 9Z)9W, - 2g{R{Z, Y)W, 0] 

- 2g{R{Y, ^W, Z) + g{R{Y, ^dW, 9Z), 

and since 

- g{R{W + r, C + Z){W + Y),^ + Z)+ g{R{W + F, ^ + Z)9{W + Y),9Z) 
= \iVw+YO){Z + OP + gHw + Y, Vz+eO, 

we can simplify some terms to get 

2giiywO)iZ), Vy0(O) + 2g((Vy0)(Z), VwOiO) 
= -g{R{Y,OW, Z) + g{eVwi, (Vz^?)(y)) + g{{S/we){Y),9V zO 
+ ^[4g{9iy0z0){W), VbyO + 6g{9{VezO){9Y), VwO 

- &g{e{\IewO){9Y), V zO + g{R{Z, 9W)9Y, - g{R{Y, 9W)9Z, 

+ 2g{R{W, Y)Z, - giRiW, 9Z)9Y, ^ + g{R{Y, 9Z)9W, - 2g{R{Z, Y)W, 0] 

- 2g{R{Y, OW, Z) + g{R{Y, ^OW, 9Z). 
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Finally, Equation (|28|) becomes 

+ ±[4gi9{Veze)iW),VeYO + 6g{e{VezO){eY),VwO 

- Qg{e{Vgwe){eY), Vzi) + g{R{Z, 9W)eY, O - giRiW, 9Z)9Y, 0] 

- ^g{R{W, Z)Y, + ii5(i?(^?W^, OZ)Y, 0- 

In this equation, we replace W and Z by 9W and 9Z , to get 

2g{{VewO){9Z), (Vy0)(O) + 2.g((Vy0)(0Z), [VewOm) 
= .g(0VeM/e, {^Bze){Y)) + g{{V ewe){Y),9V ezS.) 
+ ^[Ag{e(Ve2zO){9W), VgyO + &g{e{V e^zO){9Y),V ewO 

- 6g{9{^g2w0){9Y), VezO + 9[R[eZ, 0^W)9Y, ^ + g{R{9''Z, 0W)9Y, 0] 

- ^g{R{9W,9Z)Y,0 + ^g{R{9'W,9^Z)Y,0, 
summing these two equations yields 

2g{{VwO){Z), (Vy0)(e)) + 25((Vy0)(Z), iVwO){0) 
2gi{VewO){9Z), (Vy0)(O) + 2.g((Vy0)(0Z), {VgwOm) 

= g{9VwS,. {yz9){Y)) + g{{Vw9){Y),9Vz£,) 

+ gid^ew^, {^ez9)(Y)) + g{{Wew0)(Y),9VgzO 

+ ^[4g{9{\/ez9){W),\7gYO + Qg{9iy gz9){9Y), V^O 

+ Ag{9{Vg.zO){9W),VeYi) + &g{9{y g2z9){9Y),V gwS) 

- &g{9(ygw9){9Y), V zi) + g{R{Z, 9W)9Y, - .g(i?(VK, 9Z)9Y, 

- 6gi9iVg2w9){9Y),VezO + giRiOZ, 9^W)9Y, + g{R{9^Z, 9W)9Y, C)] 

- ^giR{W, Z)Y, + ]^9iRiOW, 9Z)Y, 

- ^g{R{9W,9Z)Y,0 + §g{R{9'W,9^Z)Y,0, 
which simplifies to 

giiVz9){Y),9iVwO) + <?((Vy0)(T4^), 9{VzO) - ^jigiRiW, Z)Y, ^ + g{R{9W, 9Z)Y, 
since 

g{9{Vg2z9){9W),VgY£.) - -g{9{V gz9){W),V gY^- 

Now use Equation ([20]) to obtain 

ig{R{W,Z)Y,i) = 2g{VY^.0{V zO){W)) + g{Vw^,e{^ ze){Y)) 

- \g[R{9Z, 9Y)W, + g{R{OW, 9Z)Y, - 3(Vz^, 9iVwO)iY)) + y{R{9W, 9Y)Z, 0, 
but 

yiRi9W,9Y)Z,0 

= ~y{R{W,Y)Z,0 - ^g{{VY9){Z),9{VwO) + gii^zO){W),9{VYO)i 
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therefore 

3g{R{W, Z)Y, = 2g(Vye, 0i^zO){W)) + g{VwL 0{V zOW)) - g[\I z^, e(Vwe){Y)) 

\g{R{z,Y)w,o + ^g{{VYe){w),e{Vzi)) + g{{ywe){z),e{VYm 

- g{R{W, Z)Y, ~ l[giiyzO)iY).,0{VwO) + .g((Vy0)(Ty), 0(VzO)] 

- yiRiW,Y)Z,0 - |[5((Vy0)(Z),^(VwO) +ff((Vz^?)(W^),0(Vye))], 

and since 

y{R{Z,Y)W,0 - ^giRiW,Y)Z,0 = -^g{R{W,Z)Y,0, 

we have 

3g{R{W, Z)Y, e) = 2g{VY^, 0{Vz0){W)) + g{VwL e{V zO){Y)) - g{Vz^, 0{Vw0){Y)) 
+ ^g{{WYe){W),9{\7 zO) + 9{{^wO){Z), eiVrO)] 

- l[g{iVz0){Y),0{VwO) + aii'^YeKwieiVzO)] 

- ^giiVYe){Z),9{VwO) + 9ii'^zO){W),0(VYO)] 
-yiRiW,Z)Y,0 

and this finally simplifies into the expression we need: 

lg{R{W,Z)Y,0 = fg{VYi,0{Vz9){Wj) + ^g{Vw^,0{Vz9){Y)) 
-^-g{yz£..e{VwB){Y)). 

We now exploit this formula to show g{\/ Ei^, R{Ei, X)S,) = 0. First, take W = Fi, 
Z = X and Y = Vf,^, then 

= -g{V^,^i^,0{Vx0){F,)) 
= 0; 

g{VFA,0{^x0)(VFA)) = 9{^eFA,0{^x0)(VgF,O) 

= 9{-0^F,t0{^X0){-0yF,O) 

= 0; 

since trace o — 0. This proves the proposition for X G J-". 
For X = ^, we go back to Equation to have 

= ;?(Vf.C,Vv^^cO 

= 5(VeF.^, Vvep^eO 

-.9MVF.^,V_evp,5e) 

= 5(-^VF.e,^Vv,.??) 

= -5(VF.e,Vvp,cO 
= 0. 

□ 
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